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TEMPERATURE FIELD IN A HOLLOW CYLINDER WITH INTERNAL PERIODIC
INSTANTANEOUS HEAT SOURCES AND THE ROOTS OF THE CORRESPONDING-

CHARACTERISTIC EQUATION
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A solution is obtained for the temperature field in the active element
(in the form of a hollow cylinder) of a pulsed laser with convection

at the inside and outside surfaces. It is shown that for existing lasers,
the solution may be truncated after the first term of the series. Values
. of the first root of the characteristic equation are obtained for Biot
numbers ranging from 1 to 100.

Studying the thermal conditions in a hollow cylin-
der with convective heat transfer at both surfaces,
one arrives at a characteristic equation of the form

[xd 1 (x) + Ady ()] {kxY s (kx) — BY , (kx)] —
— (%Y (x) + AY, (0] ke (kx) — By (k)] = 0. (1)

This work was performed to determine the temper-
ature field in the hollow cylindrical active element of
a pulsed laser.
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Heating diagram for the active element of a laser.

We know that the operation of the active element
of a pulsed laser involves a sequence of cycles which
consist of a pumping period (powerful gas-filled lamp
discharge followed by a pause (cooling period). Con-
version of a portion of the pumping radiation absorbed
by the active element into heat occurs during the
pumping periods, the pumping pulse repetition rate
being 10% to 10%. In view of this, the problem of the
temperature field in the active elements of a laser
within the limits of one cycle, can be reduced to the
following problem:

ad,(r, v) 029, (r, T) i 09,(r, 1)
ar = [ ar? + r or ] , (@)
6m (r7 0) = f(r) + ’&m—l (rY To)¥ (b)
08, (rp 7} & _ :
T3 O (1 T) =0, (c)
08n(R, T) |, & _
T + \ 9, (R, 1) =0. (dQ)

The solution of system (a)~(d) is known (see, for
example, [1,2]) to have the form

Bn(r, ) = Y EW, (pir) exp (— ap? ), )

=1

where p; denotes the roots of Eq. (1), (in which x =
=prg)s Wy (pir) is a linear combination of Bessel
functions of the form

Wy (pir) = ——[%Yo(piro)+piY1(pir0)]J0(p,.r)+

“’r‘[piJl(Piro)”*‘%Jo(piro)} YO(pir), (3

and the numbers E; are the series coefficients of the
distribution function f(r) of the absorbed pumping ra-
diation and temperature toward the end of the

{m — 1)-th period,

FO + s () = Y E W (i), @)

i=l

We have to determine ¢, _(r, 7).

Within the limits of the linear problem, it may be
shown (ag in [3-5]) that to determine the thermal con-
ditions in the laser active element during any cycle,
it is sufficient to know the temperature field during
the first cycle. This follows from the fact that the
temperature field, for example during the second
cycle, can be regarded as the superposition of two
fields: the temperature field regenerated by the second
pumping pulse—identical to the temperature distribu-
tion during the time interval [0, 7y ]—and the residual
temperature field of the first pulse during the time
interval [7y, 27;] (see figure).

Hence, it can be readily shown that the final form
of the solution of system (a)—(d) for the m-th cycle is

B (r 7) = Y E W, (pi7) X

i=1
1 — exp (—map? 1)
T—exp(—ap} 1)

exp(— ap? ). (5)

We shall examine the well-known solution for an ac-
tive element in the form of a solid circular cylinder
[3—-5], postulating that k = 0.

Estimates of the convergence of series (5), ob-
tained by a method described in [6], show that for
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Roots of the Characteristic Equation (1) for Various Values of k
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actual lasers (Biot number > 0.05, Fourier number >
> 0.05) the computation may be limited to the first
term of the series. However, practical realization of
a solution of (5) is greatly complicated even then,
since the values of the roots of the characteristic
equation (1) are unknown.

To obtain numerical values of these roots, use was
made of a graph-analytic method, described in [7], in
a form extended to the present case.

The values of B for various x are obtained by writ-
ing (1) in the following form:

B ={[x¥y(x) + AY,(x)} kxJ, (kx) —
—[xJy (%) + AJ, (x)] kxYy (kx)} X

X {[xYI () + AY y ()] Iy (kx) —

— [y (%) -+ Ady (0] Yy ()} ®6)

and varying systematically the values of A and k.

The values required are taken from a family of
curves plotted from (6) in a system of coordinates
B, x. The results are given in the table. The ordi-
nates of the points of intersection of curves (6) with
the ordinate axis (B = 0) agree with the results ob-
tained in [7], and are omitted here. To obtain results
useful for actual lasers, the values of k were taken
as 1, 1.5, 2, 3, 4, and 5, and the values of Aas 1, 2,
3, 5, 10, and 50. The absolute error of the values
tabulated is two to three units in the final digit.

NOTATION

4 {r, 7) is the excess temperature at a point on
radius r at an instant of time 7 relative to the ambient
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temperature; A and B are the Biot numbers—A = ary/
/A and B = @;R/A, respectively; o4 and o, are heat-
transfer coefficients at the inner cylinder surface of
radius ry and at the outer surface of radius R = kry,
respectively; A is the thermal conductivity; ais the
thermal diffusivity.
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