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INSTANTANEOUS HEAT SOURCES AND THE ROOTS OF THE CORRESPONDING 
CHARACTERISTIC EQUATION 
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A solution is obtained for the temperature field in the active clement 
(in the form of a hollow cylinder) of a pulsed laser with convection 
at the inside and outside surfaces. It is shown that for existing lasers, 
the solution may be truncated after the first term of the series. Values 
of the first root of the characteristic equation are obtained for Biot 
numbers ranging from 1 to 100. 

Studying the t he rma l  condit ions in a hollow ey l in -  
tier with convect ive heat  t r a n s f e r  at both sur faces ,  
one a r r i v e s  at a c h a r a c t e r i s t i c  equation of the fo rm 

lxdl (x) + AJ o (x)l [l~xY1 (kx) --  BY o (kx)] - -  

- -  [xY1 (x) + AY o (x)l [kxdl (kx) - -  BJ o (kx)l = O. (1) 

This work was pe r fo rmed  to de t e rmine  the t e m p e r -  
a tu re  f ield in the hollow cyl indr ica l  act ive e lement  of 
a pulsed l a s e r .  
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Heating d i ag ram for the act ive e l emen t  of a l a s e r .  

We know that the opera t ion of the act ive e lement  
of a pulsed l a s e r  involves a sequence of cycles  which 
cons is t  of a pumping per iod  (powerful gas - f i l l ed  lamp 
d i scharge  followed by a pause (cooling period).  Con- 
v e r s i o n  of a por t ion  of the pumping rad ia t ion  absorbed  
by the act ive e lement  into heat occurs  dur ing  the 
pumping per iods ,  the pumping pulse  repe t i t ion  ra t e  
be ing 102 to 105 . In view of this ,  the p rob lem of the 
t e m p e r a t u r e  f ield in the act ive e lements  of a l a s e r  
within the l imi t s  of one cycle,  can be reduced to the 
following prob lem:  

aOm(r, ~) 
Or 

[02~m( r, "0 1 O~m(r, T) I 
a L Or* ' + r Or , (a) 

~m(r, O) = f ( r )  + ~,n-~(r, To), (b) 

O~,,(r o, T) 
al 0,. (to, T) = 0, (c)  

Or .A 
ae.,(R, T) a2 x) O. (d)  + --o~(R, = 

ar 

The solut ion of sy s t em (a)-(d) is known (see, for 
example,  [1, 2]) to have the form 

co 

~m (r, ~) = E EiW~ (p:) exp ( -  ap] T), (2) 

where Pi denotes the roots  of Eq. (1), (in which x = 
= pro), W0(Pir) is a l i nea r  combinat ion  of Besse l  
funct ions of the form 

Wo (P,r) = --  [ ~ Yo (P~ ro) + PX~ (p~ ro) ] Jo (& r) + 

+ [&J~(pzro) + ~ Jo(p~ro)] Yo(P~r,, (3) 

and the n u m b e r s  E i a re  the s e r i e s  coeff icients  of the 
d i s t r ibu t ion  function f(r)  of the absorbed  pumping r a -  
dia t ion and t e mpe r a t u r e  toward the end o f  the 
(m - 1)-th period,  

f (r) + 0,,-1 (r, %) = E E i  W~ (& r). (4) 
i=l 

We have to de t e rmine  ~ m _ l ( r ,  70). 
Within the l im i t s  of the l i nea r  problem,  it  may be 

shown (as in [3-5]) that to de t e r mi ne  the t he rma l  con-  
di t ions in the l a s e r  act ive e lement  dur ing any cycle,  
it is suff icient  to know the t e m p e r a t u r e  field dur ing 
the f i r s t  cycle.  This follows f rom the fact that the 
t e m p e r a t u r e  field, for example dur ing  the second 
cycle,  can be regarded  as the superpos i t ion  of two 
f ie lds:  the t e m p e r a t u r e  f ield r egene ra t ed  by the second 
pumping pu l se - - iden t i ca l  to the t e m p e r a t u r e  d i s t r i b u -  
t ion dur ing  the t ime  in te rva l  [0, To ]--and the re s idua l  
t e m p e r a t u r e  f ield of the f i r s t  pulse  dur ing the t ime  
in te rva l  [To, 2T0] (see f igure) .  

Hence, it  can be read i ly  shown that the final form 
of the solut ion of sy s t em (a)-(d) for the m - t h  cycle is  

~,~ (r, x) = L E~ W o (Pz r) x 
i=l 

1 - -  exp ( - -  map~ %) 
X 1 - -  exp ( - -  ap~ %) exp (-- ap~ T). (5) 

We shall  examine  the wel l -known solut ion for an ac -  
t ive e lement  in the fo rm of a solid c i r c u l a r  cy l inder  
[3-5],  postula t ing that k - 0. 

Es t ima tes  of the convergence  of s e r i e s  (5), ob-  
ta ined by a method desc r ibed  in [6], show that for  
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actual  l a s e r s  (Blot number  > 0.05, F o u r i e r  n u m b e r  > 
> 0.05) the computat ion may be l imi ted  to the f i r s t  
t e r m  of the s e r i e s .  However,  p rac t ica l  r ea l i za t ion  of 
a solut ion of (5) is  g rea t ly  complicated even then, 
s ince  the values  of the roots  of the cha rac t e r i s t i c  
equation (1) a r e  unknown. 

To obtain numer i ca l  values  of these  roots ,  use  was 
made  of a g raph-ana ly t i c  method, desc r ibed  in [7], in 
a fo rm extended to the p r e sen t  case .  

The values  of B for  va r ious  x a re  obtained by w r i t -  
ing (1) in the following form:  

S : {[xY~ (x) + AYo (x)] kxJ~ (kx) - -  

- Ix J1 (x) + A J  o (x)] kxY1 (kx)} x 

• {[xY~(x)+ AYe (x)] Jo ( ~ ) -  

- -  [xJ~ (x)  -4- A J  o (x)] Y0 (kx)} -1 (6) 

and vary ing  sys t ema t i ca l ly  the values  of A and k. 
The values  r equ i r ed  a r e  taken f rom a fami ly  of 

curves  plotted f rom (6) in a sys t em of coordinates  
B, x. The r e s u l t s  a re  given in the table .  The o r d i -  
na tes  of the points  of i n t e r s ec t i on  of curves  (6) with 
the ordinate  axis  (B = 0) agree  with the r e su l t s  ob-  
ta ined in [7], and a re  omit ted here .  To obtain r e s u l t s  
useful  for actual  l a s e r s ,  the values  of k were  taken 
as 1, 1.5, 2, 3, 4, and 5, and the values  e rA  as 1, 2, 
3, 5, 10, and 50. The absolute  e r r o r  of the values  
tabula ted is two to th ree  uni ts  in the final digit .  

t e m p e r a t u r e ;  A and B are  the Blot n u m b e r s - - A  = a i r 0 /  
/% and B = ~2R/%, respec t ive ly ;  ~1 and c~ 2 a re  hea t -  
t r a n s f e r  coeff icients  at the inne r  cyl inder  sur face  of 
rad ius  r0 and at the outer  sur face  of rad ius  R = kr0, 
r e spec t ive ly ;  X is the t he rma l  conductivi ty;  a is the 
the rmal  diffusivity.  
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NOTA TION 

~r (r, ~) is the excess  t e m p e r a t u r e  at a point on 
rad ius  r at an ins tan t  of t ime  ~ re la t ive  to the ambien t  
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